In this paper, we enumerate two families of polycubes, the directed plateau polycubes and the plateau polycubes, with respect to the width and a new parameter, the Lateral Area. We give an explicit formula and the generating function for each of the two families of polycubes. Moreover, some asymptotic results about plateau polycubes are provided. We also establish results concerning the enumeration of column-convex polyominoes that are useful to get asymptotic results of polycubes.
Introduction
In the cartesian plane Z 2 , a polyomino is a finite union of cells (unit squares), connected by their edges, without a cut point and defined up to a translation, for the concept see [4] . Polyominoes appear in statistical physics in percolation theory by the appellation of animals. They are obtained by replacing each cell by its center [20] . Enumeration of polyominoes in general case is still an open problem. Some algorithms were made and the number of polyominoes with n cells is known up to n = 56, [15] . However, exact enumeration exists for several families of polyominoes, (see for instance [14, 12] ). Polycubes are the equivalent of polyominoes in dimension three [17] . In the Cartesian plane Z 3 , we define a cell as a unit cube. A polycube is a finite union of cells, connected by their faces and defined up to translation. As polyominoes, polycubes appear in the phenomenon of percolation [5] . There is no analytic formula for the number of polycubes of n cells. In 1971, Lunnon computed the first values up to n = 6 [17] . In 2008, Aleksandrowicz and Barquet founded the values up to 18 [1] and more recently Luther and Mertens gave the number of polycubes up to 19 [18] . The d-dimensional-polycubes are an extension of the notion of polycube to a dimension d ≥ 4. In this case, a cell is a unit hypercube. They are used in an efficient model for real time validation [16] and in representation of finite geometric languages [8] . A few classes of polycubes were studied. Among its, let us cite, for instance, the plane partitions [10] , the directed plateau polycubes and also some asymptotic results concerning the parallelograms polycubes that were made according to the number of cells [7] . There exist two methods to enumerate families of polycubes. The main one is the generic method [9] and the other one is based on the use of the Dirichlet convolution [6] .
Directed plateau polycubes were enumerated according to the volume and the width [7] . In this paper we introduce a new parameter, the lateral area. As no exact formula exists concerning the enumeration of specific families of polycubes according to the area, the parameter lateral area is still interesting. Indeed, it allows a certain approximation of the area. Using this parameter and the width, we enumerate the directed plateau polycubes and the plateau polycubes. We also give some asymptotic results for this family. In the next section, we recall some definitions and properties of polyominoes and their extensions to polycubes. Two families of polycubes are enumerated according to the lateral area, the directed plateau polycubes in Section 3 and the plateau polycubes in Section 4. In Section 5, asymptotic results are given for column-convex polyominoes and plateau polycubes. 
Preliminaries
Let (0, i, j) be an orthonormal coordinate. The area of a polyomino is the number of its cells, its width is the number of its columns and its height is the number of its lines. A polyomino is column-convex if its intersection with any vertical line is connected. A North (resp. East) step is a movement of one unit in i-direction (resp. j-direction). A polyomino is directed if from a distinguished cell of the polyomino called root, we reach any other cell by a path that uses only North or East steps.
Let (0, i, j, k) be an orthonormal coordinate system. As for polyominoes, several parameters can be defined for a polycube. The volume is the number of its cubes. The width (resp. height, depth) of a polycube is the difference between its greatest and its smallest indices according to i (resp. j, k). A polycube is said to be directed if each of its cells can be reached from a distinguished cell, called the root, by a path only made of East (one unit in the i-direction), North (one unit in j-direction) and Ahead (one unit in k-direction) steps. A stratum is a polycube of width 1. A plateau is a rectangular stratum. A plateau polycube is a polycube whose strata are plateaus [7] . On can find more details on polyominoes in [4] and in [9] for polycubes. Definition 2.1. The lateral area of a polycube is defined as the sum of its projections onto the planes ( i, j) and ( i, k). (Fig. 3 ) The projection of a polycube onto a plane gives a polyomino, because if it is not the case, it implies that the projected object is not face-connected. The polyominoes obtained by the projections of a polycube onto the plane ( i, j) and ( i, k) have the same width as the polycube. Thus, if we project onto the planes ( i, j) and ( j, k) (resp. ( i, k) and ( j, k)), we obtain a pair of polyominoes not having the same characteristics. In this case, the two polyominoes will have the same height (resp. the height of the first one will be equal to the length of the second one).
Let n k be the binomial coefficient. It counts the number of ways of choosing a subset of k elements from a set of n elements. The explicit formula is given by
otherwise.
In the two-dimensional lattice, let us extend the notion of step defined for polyominoes. Let us introduce a new step, the North-East step. It is a movement of one unit in i-direction and in j-direction. The total number D(n, m) of paths from (0, 0) to (n, m) only made of North, East and North-East steps is called Delannoy Number and is equal to For more details about Delannoy Numbers, one can refer to [11] .
Enumeration of directed plateau polycubes
In order to enumerate plateau polycubes, we first characterize their projections onto the planes ( i, j) and ( i, k). In [6] (Section 5), it is mentioned that the projection of a directed plateau polycube gives a directed column-convex polyominoes on each plane. Moreover, from any two directed columnconvex polyominoes in these planes corresponds a unique directed plateau polycube (see Fig.  6 ). The number of directed column-convex polyominoes is known and is given in the following lemma,
number of directed column-convex polyominoes having k columns and an area n is
From Lemma 3.1 we deduce the following theorem.
Theorem 3.1. Let s k,n denote the number of directed plateau polycubes of width k and lateral area n. Then, for k ≥ 1 and n ≥ 2k, we have
Proof. By definition, the lateral area of a directed plateau polycube is the sum of the areas of the two directed column-convex polyominoes obtained from its projection. So, if a polycube has a width k and a lateral area n, then both polyominoes obtained have k columns. If the area of one of them is i then the area of the other is n − i. Lemma 3.1 gives that the number of directed column-convex polyominoes having an area i and k columns is equal to i+k−2 i−k . Therefore, the number of plateau polycubes having a lateral area n and width k and whose projections on ( i, j) give a polyomino of area i and the projections on ( i, k) give a polyomino of area n − i is equal to 
Proof. From Theorem 3.1, we have
Setting j = i − k, m = n − 2k and a = 2k − 2, we obtain
A variant of Vandermonde convolution [19] is
By replacing a, j and m by their values, we get the formula.
From this result, we can deduce a formula for S k (t), the generating function for the directed plateau polycubes of width k according to the lateral area where
So,
By convention, S 0 (t) = 0. For i ≤ k and i ≥ n − k, s k,n = 0. Therefore
It is proved by, Barcucci et al., [2] that the generating function of directed column-convex polyominoes having exactly k columns is
Therefore, Proposition 3.1. For k ≥ 1, we have
be the generating function of directed plateau polycubes according to the lateral area (coded by t) and the width (coded by x) then,
For x = 1 in S(x, t) we obtain the following result.
Theorem 3.3. An expression of, S(t), the generating function of directed plateau polycubes according to the lateral area is
S(t) = t 2 (1 − t) 2 (1 − t) 4 − t 2 .
Enumeration of plateau polycubes
As for the directed case, we have at first to characterize their projections. It is known, from [6] , that a plateau polycube can be obtained from two column-convex polyominoes and their number of columns is equal to the width of the polycube, (see Fig. 6 ).
An immediate consequence is Theorem 4.1. To prove it, we use the following lemma, 
where
Proof. The proof is similar to the one in Theorem 3.1.
From Theorem 4.1, we deduce the generating function for a fixed width k.
Theorem 4.2. Let R k (p) be the generating function of plateau polycubes of width k according to the lateral area. Then,
Proof. The proof is the same as in Theorem 3.1, the generating function of polyominoes with k columns according to the area is [6] 
Notice that, C k is the generating function of the Anti-Diagonal sequences lyning in the Tribonacci Triangle at level k; times
(1−p) 2k+1 (see Fig. 7 ). The first values of r k,m are given in Table 1 . From these values, we establish some asymptotic results.
Asymptotic Results
In this section, we present results obtained combinatorially. They also can be obtained in algebraic way from Lemma 4.1 and Theorem 4.1.
Column-convex polyominoes
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Here are given some specific values, Theorem 5.1.
Proof. The proofs of these formulas are based on a unique principle. We start from the polyomino having area k and k columns. Next, we build all polyominoes having of area k + i and k columns by adding i cells, cutting and gluing it. Thus, we only detail the proof of the value h k,k+2 . Let us consider the polyomino of area k and k columns and let us enumerate all the ways to inject two cells to obtain column-convex polyomino. There are two main cases:
• The two cells are inserted on the same column:
-When we insert cells in the first column, we have 3 possibilities (see Fig. 8 ). -The insertion on the last column is similar to the previous subcase. We have 3 possibilities.
-In the last subcase there are 9(k − 2) possibilities: we add a cell on k − 2 different columns. And in an adding, we have 3 insertions on the left and for each of them we have 3 insertions on the right (see Fig. 9 ). • The two cells are inserted on two different columns:
-We add two cells on two successive columns:
◮ We insert a cell in the first and in the second columns, there is 6 possibilities (see Fig. 10 ).
◮ One cell is inserted on the last column and the other one on the before last column. It is similar to the previous case. We have 6 possibilities. -If we add two cells in two non-successive columns, we have the following subcases:
◮ One cell is added on the first column and the other one the last column. In this subcase, there is 4 possibilities (see Fig. 12 ). ◮ If one cell is added on the first column and the other one on one of the columns in the middle different from the second, we have 8(k − 3) possibilities, 2 for adding a cell on the first column and for each adding we have 4(k − 3) possibilities of adding a cell on a middle column different from the second (see Fig. 13 ). The number of 1 × n tilings using exactly j dominoes is
In this subcase n = k−1 and j = 2. So we have possibilities (see Fig. 15 ).
By summing the number of possibilities, we obtain 8k 2 − 19k + 16.
In general case, we have the following result, is a polynomial of degree i − 1. In all other cases, we choose at most i − 1 columns, leading to a term of degree lower then i. Therefore we obtain the result.
From Theorem 5.2 and the first values of h k,n , we get the following corollary,
